We consider the Euler equation for an incompressible fluid on a three dimensional torus, and the construction of its solution as a power series in time. We point out some general facts on this subject, from convergence issues for the power series to the role of symmetries of the initial datum. We then turn the attention to a paper by Behr, Nečas and Wu [5] ; here, the authors chose a very simple Fourier polynomial as an initial datum for the Euler equation and analyzed the power series in time for the solution, determining the first 35 terms by computer algebra. Their calculations suggested for the series a finite convergence radius τ 3 in the H 3 Sobolev space, with 0.32 < τ 3 < 0.35; they regarded this as an indication that the solution of the Euler equation blows up.
Introduction
Let us consider the three-dimensional Euler equation for a homogeneous incompressible fluid (of unit density) with initial datum u 0 , i.e., ∂u ∂t = −u•∇u − ∇p , u(x, 0) = u 0 (x) .
The unknown is the divergence free velocity field (x, t) → u(x, t); we assume periodic boundary conditions, so x = (x 1 , x 2 , x 3 ) ranges in the three dimensional torus (R/2πZ) 3 . In the sequel, we often write u(t) for the function x → u(x, t). One can try a solution of the above Cauchy problem in the form of a power series u(t) = +∞ j=0 u j t j (with u j = u j (x)); such power series have been the object of rather extensive investigations. Morf et al [15] , Frisch [12] , Brachet et al [8] , Pelz [20] , and other authors (see the bibliography of the cited references) have constructed by computer algebra techniques many terms of the power series for specific initial data, consisting of simple Fourier polynomials; more precisely, the data analyzed in these works are the so-called "Taylor-Green vortex", and other vortices proposed by Kida [14] . The cited authors have also discussed the possibility of a blow-up (i.e., finite-time divergence of u(t)) on the grounds of their computer algebra calculations. Another initial datum (again a Fourier polynomial) has been considered by Behr, Nečas and Wu [5] ; these authors have constructed 35 terms of the power series, and claimed to have found evidence for a blow-up of the solution; however, in comparison with the vortices of Taylor-Green and Kida, the Behr-Nečas-Wu initial datum has received less attention in the literature.
The purpose of the present paper is twofold. (i) First of all, we wish to point out a number of general facts on the solutions of the Euler equation and, in particular, on the convergence of the power series +∞ j=0 u j t j ; this is the subject of Sections 2 and 3. Here we report some results extracted from the existing literature on the Euler equation in spaces of analytic functions and/or in Sobolev spaces; in addition to these results, we present some remarks of ours and propose a general treatment to discuss the symmetries of the initial datum and their effects on the solution of the Euler equation. We think it is not useless to collect all these theoretical statements in a unifying framework, suitable for direct application to computer algebra calculations.
(ii) Our second aim is to reanalyze the power series for the Behr-Nečas-Wu initial datum, both from the theoretical and from the computational viewpoint; this is the subject of Sections 4, 5 and 6. First of all we apply to the Behr-Nečas-Wu case our general setting for the symmetries of the initial datum. We calculate the symmetry subgroup of the Behr-Nečas-Wu datum (that we recognize to be the dihedral group of order 6; this group also determines what we call the pseudo-symmetry space of the datum).
With these premises, we present a novel computation of the power series for the Behr-Nečas-Wu datum, based on a Python program written for this purpose; this computation attains the order 52. The Python program uses an exact representation of rational numbers as ratios of integer, so as not to introduce rounding errors; furthermore, it employs the symmetries of the initial datum to reduce the amount of calculations.
The results of such computations can be analyzed using the theoretical framework of Sections 2 and 3. Our conclusions are the following: (a) We agree with the estimates of [5] , according to which the power series under consideration has a convergence radius 0.32 < τ 3 < 0.35 in the Sobolev space H 3 ; in fact, our computations suggest 0.32 < τ 3 < 0.33. However, we disagree from the authors of [5] when they interpret the finiteness of τ 3 as indicating a blow-up of the solution.
(b) On the contrary, we give evidence that the solution u(t) of the Euler equation exists for t sensibly larger than τ 3 . In fact, analyzing the power series for the squared Sobolev norm u(t) 2 3 , we find a strong indication for a convergence radius θ 3 such that 0.47 < θ 3 < 0.50. By a general criterionà la Beale-Kato-Majda, this implies that the solution of the Euler equation exists, at least, up to time θ 3 .
The final part of our analysis concerns an alternative approach to estimate θ 3 , and the possibility that u(t) blows up at times larger than θ 3 . In connection with this problem we use the idea (employed in [8] [12] [15] [20] for different initial data) to construct the Padé approximants for the (squared) Sobolev norms and analyze their singularities. In particular, we construct the diagonal Padé approximants [p/p] (t) for u(t) 2 3 , up to p = 26. For most of them the complex singularities of minimum modulus have modulus ≃ 0.5; this fact yields new evidence for the previous estimate on θ 3 . Moreover, most of these Padé approximants have real singularities, distributed rather erratically; analyzing them in terms of mean value and variance, we obtain a somehow weak indication that: (c) u(t) might blow up for t → T − (and t → (−T ) + ), for some T such that 0.56 < T < 0.73.
The blow-up problem can be studied as well in terms of D-log Padé approximants; these do not give a clear indication supporting conjecture (c), as briefly explained at the end of the paper. In general, much caution is recommended about the Euler equation and blow-up predictions via Padé analysis: for example, in the case of the Taylor-Green vortex the Padé approximants exhibit real singularities [12] [15] , but the numerical solution of the Euler equation by spectral methods raises doubts on the actual existence of a blow-up [7] [9] . Connections with other works. Concluding this Introduction, to put the subject of this paper into a wider perspective we wish to mention that there are general methods of functional analysis to obtain quantitive lower bounds on the time of existence T of the solution of the Euler (or Navier-Stokes) Cauchy problem, from the a posteriori analysis of an approximate solution; such lower bounds are certain (i.e., non conjectural).
Derivations of such a posteriori lower bounds have been given in [11] [17] [19] . The last of these works gives an algorithm to obtain these lower bounds analyzing any approximate solution of the Euler (or Navier-Stokes) Cauchy problem via a suitable differential inequality, called therein the "control inequality".
Again in [19] , a preliminary analysis of the Euler (and Navier-Stokes) equations with the Behr-Nečas-Wu initial datum has been performed, using for the solution a Galerkin approximation with very few Fourier modes. This approximant, combined with the control inequality, gives for the Euler equation with this datum a (poor, but certain) lower bound T > 0.066 for the time of existence in H 3 (the same approach, applied to the Navier-Stokes equations, grants T = +∞ when the viscosity coefficient is above an explicit threshold). We plan to continue in future works the analysis of the Behr-Nečas-Wu intial datum, combining the control equation of [19] with approximation methods based on extensive automatic computations such as the ones presented in this paper. 
where: u = u(x, t) is the divergence free velocity field; the space variables x = (x s ) s=1,2,3 belong to the torus
is the pressure; u 0 = u 0 (x) is the initial datum. As well known, the pressure can be eliminated from (2.1) using the Leray projection L onto the space of divergence free vector fields; this allows to rewrite the evolution equation in (2.1) as ∂u/∂t = −L(u•∇u). In this way, we obtain for the Cauchy problem the final form ∂u ∂t
where we have written P for the bilinear map sending two (sufficiently regular) vector fields v, w : T 3 → R 3 into the vector field
In this framework, it is convenient to associate to a vector field v :
Due to the reality of v, we have v −k = v k , and v is divergence free iff k•v k = 0 for all k. With P as above and v, w two vector fields, the Fourier components of P(v, w) are
where
In the above, we have introduced the setting for the Euler equation in an informal way; to go on, it is necessary to specify the functional spaces to which the velocity fields (at any time) are supposed to belong.
The expression "a vector field T 3 → R 3 " can be understood, with very wide generality, as "an R 3 -valued distribution on T 3 " (see, e.g., [18] ); we write
can be differentiated in the distributional sense and has a (weakly convergent) Fourier expansion with coefficients v k ∈ C 3 , such that v k = v −k . To construct the full setting for the Euler equation, one must confine the attention to much smaller functional spaces of vector fields. For our purposes, two cases are important: (i) The Sobolev space H n of zero mean, divergence free vector fields of any order n ∈ [0, +∞). This is defined in terms of the space
−3 in the inner product, used systematically in the sequel). By definition,
(In the above √ −∆ n indicates the power of order n/2 of minus the Laplacian; by
n is a Hilbert space with the inner product
inducing the norm
It is known that P sends continuously H n × H n+1 into H n , for all n ∈ (3/2, +∞). (ii) The space of C ω (i.e., analytic) zero mean, divergence free vector fields on T 3 ; this is
The Fourier representation in (2.9) mimics the description of analytic functions on the torus in [16] , which is also a useful reference for what follows). One has
10)
each A ρ is a vector subspace of A. Let us introduce the annulus K ρ := {z ∈ C | 1/ρ |z| ρ} and its power K
3 ); the function z → k∈Z 3 v k z k is holomorphic on the inner part of K 3 ρ and continuous on K 3 ρ , so we can define
ρ is a norm on A ρ and makes it a Banach space. One equips A with the inductive limit topology of the collection of Banach spaces {(A ρ , ρ ) | ρ ∈ (1, +∞)}: this is the finest locally convex topology on A making continuous each embedding A ρ ֒→ A. (Besides [16] , see [23] for the general theory of inductive limits.) A is continuously embedded into each Sobolev space H n ; the map P is continuous from A × A to A.
Basic results on local existence and uniqueness. We start from the Sobolev framework, choosing n ∈ (5/2, +∞) . 2.1 Proposition. For n as above and any initial datum u 0 ∈ H n , the following holds.
(i) The Cauchy problem (2.2) has a unique maximal (i.e., not extendable)
14)
a fact implying lim sup
Similar results hold if T < +∞, considering the integral from −T to 0 and the limit for
(ii) See [4] . Indeed, here it is shown that T < +∞ implies
n by the Sobolev imbedding inequalities, whence Eq. (2.14) and its obvious consequence (2.15). The behavior of u at time −T is analyzed similarly.
If T < +∞, the solution u is said to blow up at time T . Similarly, if T < +∞ we say that u blows up at −T. Many statements presented in the sequel on the possibility of blow-up at T have obvious reformulations regarding −T.
2.2 Remark. The Beale-Kato-Majda criterion (2.14) yields the following statement, in case of blow-up with a power law:
In the case of the Euler equation on R 3 , it was recently shown in [10] , Theorem 1.3 that the blow-up at T implies the following, for any n > 5/2:
This estimate might hold as well for the framework of the present paper, i.e., for the Euler equation on the torus T 3 (however, the extendability of (2.17) to T 3 is immaterial for the purposes of this paper).
Let us pass to the C ω (= analytic) framework; what follows assumes some general notions from the theory of analytic functions from R to locally convex spaces, for which we refer to [6] §3. Let A be the space (2.9); in the sequel, an A-solution of the Euler equation, or of the Euler Cauchy problem, means a map
(T, T ∈ (0, +∞]) fulfilling the Euler equation, or its Cauchy problem with a suitable initial condition u(0) = u 0 . Let us report a known result.
2.3 Proposition. For any initial datum u 0 ∈ A, the following holds.
(ii) For any n ∈ (5/2, +∞), this coincides with the maximal H n -solution of the Cauchy problem with the same datum (and thus, if T < +∞, it fulfills Eqs. (2.14) (2.15); a similar result holds if T < +∞).
Proof. (i) See [2] , Theorem III.2, page 264 (this is a result of existence and uniqueness on sufficiently small time intervals, from which one infers via standard arguments existence and uniqueness of the maximal solution).
(ii) See [3] , especially Remark 2.1, page 414.
Assuming again u 0 ∈ A, and choosing any n ∈ [0, +∞), we conclude with two remarks. (i) By the continuous embedding of A into H n , the function u of the last proposition is also in
This is in C ω ((−T, T ), R), being the composition of the analytic function u : (−T, T ) → H n with the continuous quadratic function
Symmetries of the Euler equation. Let us consider the octahedral group O h , formed by the orthogonal 3 × 3 matrices with integer entries:
In fact, the entries of any such matrix have −1, 0 and 1 as the only possible values; furthermore, a 3 × 3 matrix S belongs to O h if and only if
ǫ s ∈ {±1} (s = 1, 2, 3) ; Q(σ) the matrix of the permutation σ : {1, 2, 3} → {1, 2, 3}; more precisely, Q(σ) is the matrix such that (Q(σ)c) s = c σ(s) for all c ∈ C 3 , s ∈ {1, 2, 3}. There are 2 3 = 8 possible choices for the signs ǫ i and 3! = 6 choices for σ, so O h has 8 × 6 = 48 elements. Clearly, each S ∈ O h sends Z 3 into itself. To go on, let us denote with O h ⋉ T 3 the Cartesian product O h × T 3 , viewed as a group with the composition law defined by (
Of course, the unit of this group is (1, 0) (with 1 the identity 3 × 3 matrix); the inverse of a pair (S, a) is (S, a) 23) and one checks that the mapping (S, a) → E(S, a) is a group homomorphism between O h ⋉ T 3 and the group of diffeomorphisms of T 3 into itself (with the usual composition). Now, we take a vector field v in H n (or in A) and an element (S, a) of the group O h ⋉ T 3 . We can construct the push-forward E * (S, a)v of v along the mapping E(S, a); this is the vector field in H n (or in A), given by
One easily checks that Eq. (2.24) actually defines a vector field in H n (or in A), with Fourier components
Let us write E * (S, a) for the map v ∈ H n → E * (S, a)v; this is a linear map of H n into itself, preserving the inner product | n , so it is in the group O(H n ) of orthogonal operators of the Hilbert space H n into itself. The mapping
is a injective group homomorphism, i.e., a faithful orthogonal representation of the group O h ⋉ T 3 on the real Hilbert space H n . Alternatively, let us write E * (S, a) for the map v ∈ A → E * (S, a)v; this is in the space Iso(A) of linear and topological isomorphisms of A into itself. The map
is an injective group homomorphism, i.e., a faithful linear representation of the group O h ⋉ T 3 on the topological vector space A.
Let us relate the previous constructions to the bilinear map P of the Euler equation. From the Fourier representations (2.5) (2.25), one easily infers
for all v ∈ H n , w ∈ H n+1 with n > 3/2 (and, in particular, for all v, w ∈ A). Let us outline the implications of (2.28) about the solutions of the Euler equation. In the rest of the paragraph, the term "solution" either means an H n -solution (n > 5/2) or an A-solution, and the initial datum u 0 is chosen consistently in H n or in A. From (2.28) one infers the following, for each (S, a)
is a solution of the Euler equation, we have two more solutions
is the maximal solution of the Euler Cauchy problem with datum u 0 , then E * (S, a)u is the maximal solution with datum E * (S, a)u 0 and −E * (S, a)u(−·) is the maximal solution with datum −E * (S, a)u 0 .
(iii) Let us denote again with u : t ∈ (−T, T ) → u(t) the maximal solution of the Cauchy problem with datum u 0 . Then,
The verification of statements (i)(ii) is straightforward. After this, the implication (2.31) in (iii) follows noting that E * (S, a)u and u are maximal solutions of the Cauchy problem with the same datum E * (S, a)u 0 = u 0 . Similarly, the implication (2.32) follows noting that −E * (S, a)u(−·) and u are maximal solutions of the Cauchy problem with the same datum −E * (S, a)u 0 = u 0 . Considering the maximal solution u for a datum u 0 in H n (n > 5/2), and recalling that any transformation E * (S, a) preserves the H n norm, we also obtain from (2.32) the following:
The results in (iii) suggest to consider, for a given datum u 0 in H n or A, the symmetry subgroup
and the pseudo-symmetry space
(the first one, being a subgroup of O h ⋉ T 3 , contains at least the identity element (1, 0); the second one might be the empty set. The term "isotropy group", often employed in place of "symmetry group", will not be used in this paper). Let us consider the maximal solution u of the Cauchy problem with a datum u 0 (contained in H n for some n > 5/2); from Eqs. (2.31)-(2.33), we readily obtain the following:
For future use, let us introduce the reduced symmetry subgroup and the reduced pseudo-symmetry space of the datum u 0 , which are
Let us observe that the set theoretical unions
and O h , respectively. As a final remark, useful for the sequel, let us consider the pair (−1, 0) ∈ O h ⋉T 3 , noting that E(−1, 0) is the space reflection: E(−1, 0)(x) = −x for all x ∈ T 3 . One easily checks that
(where H(u 0 )(−1, 0) stands for the set {(S, a)(−1, 0) | (S, a) ∈ H(u 0 )}; the last equality rests on the identity (S, a)(−1, 0) = (−S, a)).
Power series in time for the Euler Cauchy problem
Throughout this section, we consider the Euler Cauchy problem with initial datum u 0 ∈ A.
Setting up a power series for the solution. Let us try to build the solution of the Euler Cauchy problem as a power series
with coefficients u j ∈ A, whose convergence has to be discussed later. The zero order term in this expansion is the initial datum u 0 ; to determine the other coefficients u j ∈ A, it suffices to substitute the expansion (3.1) into the Euler equation (2.2), and to require equality of the coefficients of the same powers of t in both sides: in this way, one easily obtains the recurrence relation
When applying this recurrence relation for the u j 's it can be useful to represent the bilinear map P in terms of Fourier coefficients, as in Eq. (2.5). This is especially useful if the initial datum u 0 is a Fourier polynomial, i.e., if u 0k = 0 only for finitely many modes k. In this case, all the iterates u j (j = 1, 2, 3, ..) are as well Fourier polynomials, and the implementation of (3.2) via the Fourier representation (2.5) always involves sums over finitely many modes.
In the next section, a large part of our attention will be devoted (for a specific datum u 0 ) to the partial sums
(N = 0, 1, 2, ...) and to the (squared) Sobolev norms
Symmetry considerations. Let us consider the symmetry subgroup H(u 0 ) or the pseudo-symmetry space H − (u 0 ), see Eqs. (2.34) (2.35). Using the recursive definition (3.2) of u j with the invariance property (2.28) of P, one easily checks the following, for any j ∈ {0, 1, 2, ...}:
Of course, the last two equations imply the following, for all N ∈ {0, 1, 2, ...}, t ∈ R and n ∈ [0, +∞):
(Eq. (3.9) is a consequence of Eq. (3.8) and of the invariance of n under the transformation E * (S, a) ).
Due to the Fourier representation (2.25) for E * (S, a), the equality (3.5) reads e −ia•k Su j,S T k = u j,k or, equivalently,
similarly, Eq. (3.6) is equivalent to the statement
In typical applications of the recursion scheme (3.2), where u 0 is a Fourier polynomial as well as its iterates u j , Eqs. (3.10) (3.11) can be used to speed up the computation of the Fourier components of the u j 's; in fact, at any given order j, after computing a Fourier component u j,k we immediately obtain from the cited equations the components u j,Sk for all S in the reduced subgroup or subspace H R (u 0 ), H − R (u 0 ). Convergence of the power series in A. From now on, we intend τ := convergence radius of the series
Furthermore,
is the maximal A-solution of the Cauchy problem (3.13) (recall that, for any n > 5/2, u is also the maximal H n -solution). We note that
(with ∧ indicating the minimum). In fact: being analytic, u admits a power series representation in a neighborhood of zero; this necessarily coincides with the series (3.1), whose convergence radius τ is thus nonzero and fulfills (−τ, τ ) ⊂ (−T, T ).
Convergence of the power series in H n . After fixing n ∈ [0, +∞), let us discuss the series (3.1) in the Sobolev space H n . To this purpose, we put τ n := convergence radius of the series 
(where −T ∧ τ n is the opposite of the minimum T ∧ τ n ). In fact: the series ∞ j=0 u j t j converges to u(t) in A, for t ∈ (−τ, τ ); by the continuous embedding A ֒→ H n this series converges to u(t) in H n as well, at least for t ∈ (−τ, τ ); thus τ τ n . Moreover the functions u : (−T, T ) → H n and t ∈ (−τ n , τ n ) → ∞ j=0 u j t j ∈ H n are analytic and coincide on (−τ, τ ); so, by the analytic continuation principle, these functions coincide on the intersection of their domains which is (−T ∧ τ n , T ∧ τ n ). Let as add a stronger claim:
In fact, the function
) and solves the Euler Cauchy problem, so it is a restriction of the maximal H n -solution, which is u of domain (−T, T ); this gives the relations τ n T ∧ T and
Power series for the Sobolev norms of the solution. Let us choose n ∈ [0, +∞). The squared norm
for future use we remark that (
Independently of any assumption on H − (u 0 ), let us define θ n := convergence radius of the series
Let us relate these objects to the convergence radius τ n in (3.15), to the solution u ∈ C ω ((−T, T ), A) and to its squared H n norm. We claim that τ n θ n and u(t)
3 Let us propose a proof of (3.20) , based directly on the definition (3.19) of ν nj . If H − (u 0 ) has at least one element (S, a), from (3.6) and from the invariance of | n under any transformation E * (S, a) we obtain that, for each ℓ ∈ {0, ..., j}, u ℓ |u j−ℓ n = (−1) ℓ E * (S, a)u ℓ |(−1) j−ℓ E * (S, a)u j−ℓ n = (−1) j u ℓ |u j−ℓ n , whence ν nj = (−1) j ν nj . If j is odd, this means ν nj = 0.
(with −T ∧ θ n the opposite of T ∧ θ n ). In fact: the expansion u(t) = +∞ j=0 u j t j , converging in H n for t ∈ (−τ n , τ n ), implies τ n θ n and u(t) 2 n = +∞ j=0 ν nj t j for t ∈ (−τ n , τ n ). Moreover the functions t ∈ (−T, T ) → u(t) 2 n and t ∈ (−θ n , θ n ) → +∞ j=0 ν nj t j are analytic and coincide on (−τ n , τ n ), so they coincide everywhere on the intersections of their domains, which is (−T ∧ θ n , T ∧ θ n ). We now add to (3.22) a stronger claim:
Let us prove this claim, assuming for example that T ∧ T = T . If it were T < θ n we would infer lim t→T − u(t)
j=0 ν nj T j < +∞ (the first equality would hold due to (3.22) and T ∧ θ n = T ; the subsequent two relations would hold because T would be inside the convergence interval of the series). On the other hand, since n > 5/2, the conclusion that lim t→T − u(t) 2 n exists finite would contradict (2.15).
Power series for the Euler equation in a paper of Behr, Nečas and Wu
In the paper [5] mentioned above, the authors considered the power series Like u 0 , all the subsequent terms u j are Fourier polynomials with rational coefficients ( 4 ). Using rules equivalent to (3.2) (2.5), the terms u j were determined in [5] by computer algebra, for j = 1, 2, ..., 35. Computations were done with Mathematica for j = 1, ..., 10, and with a C++ program for j = 11, ..., 35 (in the later case, approximating the rational coefficients with finite precision decimal numbers). After determining the u j 's, the authors fixed their attention on the partial sums The above results suggest that the series +∞ j=0 u j t j has a finite convergence radius τ 3 in H 3 , with τ 3 ∈ (0.32, 0.35). Let us discuss this outcome from the viewpoint of the present paper, denoting with u the maximal A-solution of the Cauchy problem with this datum and recalling that this coincides with the maximal H 3 -solution. The datum u 0 possesses pseudosymmetries (to be described in the next section); therefore, u has a time symmetric domain (−T, T ) (in [5] this fact was not explicitly declared, but probably regarded as self-evident). According to our Eq. (3.18), it is
in principle, it could be T = +∞. In spite of this, the authors of [5] spoke of a blow-up at τ 3 .
In the next two sections we present our computations on the power series for the Behr-Nečas-Wu initial datum, with our interpretation of the results. Even though these calculations confirm the "experimental" outcomes (i)-(iii) of [5] , we give evidence that the solution u of the Euler equation does not blow up close to τ 3 ; on the contrary, computing the power series for u(t) 2 3 up the available order we obtain strong evidence that such a power series has a convergence radius θ 3 such that 0.47 < θ 3 < 0.50, which implies for the time T of existence of u the bound T θ 3 > 0.47. By a subsequent analysis relying on the technique of the Padé approximants, we show that a blow-up of u(t) might happen at a time larger than 0.48: more precisely, these computations give a somehow weak indication that T might be finite, with 0.56 < T < 0.73.
Our approach to the power series of Behr, Nečas and Wu
Let us denote again with u 0 the datum (4.1) and consider its iterates u j (j = 1, 2, ...), with the corresponding power series; like u 0 , all the iterates u j are Fourier polynomials with rational coefficients. Throughout the section, u is the maximal A-solution of the Euler equation with datum u 0 .
A closer analysis of the Behr-Nečas-Wu initial datum: symmetry properties. The symmetry group H(u 0 ) and the pseudo-symmetry space H − (u 0 ) (Eqs. (2.34) (2.35)) can be explicitly computed. For the first one, we find (of course, in the above π is short for π mod. 2πZ). Let us fix the attention on the reduced symmetry subgroup H R (u 0 ) = {1, A, B, C, D, E}; it is readily checked that
So, H R (u 0 ) has two generators A, B; the first line in (5.4) gives a presentation of this group in terms of generators and relations, while the second line expresses the other elements in terms of A, B. Using Eq. (5.4), one recognizes a group isomorphism
where the right-hand side indicates the dihedral group of order 3, formed by the symmetries of an equilateral triangle ( 5 ). Now we consider the full group H(u 0 ) (with the product (2.22) ). It is easy to check that (A, a 1 )
So, H(u 0 ) has two generators (A, a 1 ) and (B, a 1 ); the first line in (5.6) gives a presentation of this group in terms of generators and relations, and the subsequent lines express the other elements in terms of the generators. One recognizes a group isomorphism
where the right-hand side indicates the dihedral group of order 6, formed by the symmetries of a hexagon (see the previous footnote). Let us pass to the pseudo-symmetry space H − (u 0 ). One readily checks that this contains (−1, 0) (inducing the space reflection E(−1, 0) : x ∈ T 3 → −x). From here and from the general result (2.40), one obtains Some consequences of the previous symmetry results. (i) What we have stated in Section 3 for an arbitrary initial datum holds, in particular, for the present datum u 0 : the symmetries or pseudo-symmetries of u 0 can be used to speed up the computation of the Fourier components of any iterate u j . More precisely, if we know the Fourier component u j,k for some k, using Eqs. (3.10) (3.11) we readily obtain the components u j,Sk for all S ∈ H R (u 0 ) ∪ H − R (u 0 ). (ii) As already noted, the pseudo-symmetry space H − (u 0 ) contains (−1, 0), corresponding to the space reflection. In terms of Fourier coefficients, the relation (3.11) with (S, a) = (−1, 0) takes the form u j,−k = (−1) j u j,k for j = 0, 1, 2, ... and k ∈ Z 3 . On the other hand, any iterate u j is a real vector field, thus u j,−k = u j,k ; in con- 5 For any integer n ∈ {3, 4, ....}, one denotes with D n the dihedral group of order n; this is formed by the orthogonal transformations of the Euclidean plane R 2 into itself which preserve a regular polygon with n sides, centered at the origin. Denoting with id the identity map, with a the rotation of an angle 2π/n and with b the reflection about anyone of the n symmetry axes of the polygon, one finds that a, b are generators of D n and fulfill the relations a n = id, b 2 = id, (ba) 2 = id. The elements of D n are 2n, and coincide with id, a, a 2 , ..., a n−1 , b, ab, a 2 b, ..., a n−1 b.
clusion u j,k = (−1) j u j,k , which indicates that u j,k is real for j even, and imaginary for j odd. Taking into account that the coefficients u j,k are rational in any case, we conclude the following for each k ∈ Z 3 : Describing our computations. We have considered again the power series (3.1) for the datum u 0 ; to deal with this series we have written a program in Python, using the package gmpy [24] for fast arithmetics on rational numbers. This program implements Eq. (2.5) for P and the recursion rule (3.2); moreover, it takes into account the dihedral symmetries (and pseudosymmetries) of u 0 to speed up computations. The program has been run to compute the terms u j for j = 1, ..., 52 ( 6 ). Calculations have been performed on a PC with an Intel Core i7 CPU 860 at 2.8GHz and an 8GB RAM. The CPU time for u j has been, for example: 1 second for j = 10, one minute for j = 20, half an hour for j = 30, 7 hours for j = 40 and 85 hours for j = 52. Differently from [5] , for all orders up to j = 52 the Fourier coefficients u j,k of u j have been represented as elements of Q 3 or iQ 3 ; so, no rounding errors related to finite precision arithmetics have been introduced in the calculation of the power series.
From the u j 's one determines the squared norms u j 2 3 = k∈Z 3 |k| 6 |u j,k | 2 , the partial sums u (N ) (t) := N j=0 u j t j and their squared norms u (N ) (t)
3 is a rational number and u (N ) (t) 2 3 is a polynomial of order 2N in t, with rational coefficients, containing only even powers of t; furthermore, the coefficients of t 0 and t 2N in u (N ) (t) Our computations of the above norms, up to j = 52 or N = 52, have been done using the previously mentioned Python program. These calculations have been relatively quick: for example, the computation of u (52) (t) 2 3 has required a CPU 6 To test the reliability of this program, the calculation of some of the u ′ j s has been checked in two independent ways. These checks have been done by means of other two programs, which implement Eqs. (2.5) (3.2) accepting as an initial datum u 0 any Fourier polynomial; these do not refer to any symmetry property of u 0 . The first of these programs, written in Mathematica, has been used to compute the u j 's up to order j = 13; the second program, written in Python, has been used for a calculation up to j = 43. Let us pass to the squared norms u (N ) (t) There is no room to report here the results obtained for all the other values of N, especially in the rational form for the coefficients. However, we can write some of them in the 16 digits precision; in particular, u (52) (t) The rest of the paper reports a number of facts stemming from our computations, with the interpretation that we suggest for them.
Verification of the outcomes of [5] on u (N ) (t) grows rapidly with N; our use of rational coefficients ensures that such a rapid growth is not due to cumulative rounding errors. In Figures 1-2 , we report u (N ) (t) 2 3 as a function of N ∈ {0, ..., 52}, in the two cases t = 0.32 and t = 0.35; these figures are very similar to the ones at the bottom of pages 235 and 236 of [5] , respectively (but comparison requires a rescaling, since the H 3 norm employed in [5] differs from ours by a constant factor).
We agree with [5] in interpreting these results as indications that the power series for this initial datum has a finite H 3 -convergence radius τ 3 , with τ 3 ∈ (0.32, 0.35). , (5.14)
(obtained assuming for the interpolant the form A − (B/j) c , and applying the least squares criterion). The right-hand side of (5.14) approximates u j −1/j 3 with a mean quadratic error < 10 −5 (averaging, as indicated, for j = 36, 38, ..., 52; if we average over the larger range j = 16, 18, ..., 52, the mean quadratic error is < 10 −4 ). Assuming that (5.14) approximates u j −1/j 3 with a similar precision for arbitrarily large j, but keeping prudentially only two digits in our final estimate, we conclude with an estimate 0.32 < τ 3 < 0.33 . Reminder estimates for the series expansion of u(t) in H 3 . Let N ∈ {0, 1, 2, ...}; of course
To go on, we need a guess on the behavior of the norms u j 3 . To this purpose, let us consider the sequence 18) recalling that 0.32 is the lower bound for τ 3 in (5.15). From the norms available up to j = 52, we can check that (µ 3j ) is decreasing while j ranges in {1, 3, ..., 52}; by extrapolation, let us assume that (µ 3j ) is decreasing on the infinite set {1, 2, ....}. So, µ 3j µ 3N for integer j N 1, i.e.,
For t ∈ (−0.32, 0.32), inserting this inequality into (5.17) we get No blow-up at τ 3 . After accumulating indications that the Taylor series for u(t) has an H 3 -convergence radius τ 3 ∈ (0.32, 0.33), in the rest of the section we will present evidence that u(t) does not blow up at t = τ 3 .
The power series for u(t) Recalling that (−T, T ) is the domain of the solution u, we know (from (3.23)) that
In the sequel, for N = 0, 1, 2, .... we also consider the partial sums
With this remark, the previuos computations of u (N ) (t) From the above data, one can try to make predictions on the convergence radius θ 3 of the series +∞ j=0 ν 3j t j . In Figures 4-7 we report the partial sums ν Another way to estimate θ 3 comes from the root test (5.23). Figure 8 is (obtained assuming for the interpolant the form A − (B/j) c , and applying the least squares criterion); here, the right-hand side approximates |ν 3j | −1/j with a mean quadratic error < 0.01 (let us repeat it, for j between 36 and 52). Assuming that the above interpolant behaves similarly for all larger (even) j, and considering θ 3 = lim inf j→+∞ |ν 3j | −1/j we are led to use 0.484 ± 0.01 as upper and lower bounds for it; rounding up to two digits we obtain the inequality 0.47 < θ 3 < 0.50 , (5.31) which is compatible with (5.29). Now, recalling that θ 3 is a lower bound on the time In particular, as anticipated, we have indications that u does not blow up near the H 3 -convergence radius τ 3 .
6 Possible blow-up at larger times for the BehrNečas-Wu datum, via Padé approximants A few words on Padé approximants. Let us be given an analytic function f : I → C, t → f (t), with I a neighborhood of zero in R or C. Let p, q ∈ {0, 1, 2, ...}; we recall that the Padé approximant of order (p, q) of f , if it exists, is the unique There are several results and conjectures about the convergence to f of the Padé approximants [p/q] with p or p, q large. In particular, the so-called "Padé conjecture" (or "Baker-Gammel-Wills conjecture") states that, for a meromorphic function f on a disk of C, there is a subsequence [p ℓ /p ℓ ] (ℓ = 1, 2, 3, ...) of diagonal Padé approximants that, for ℓ → +∞, converges to f uniformly on each compact subset of the disk minus the poles of f . This conjecture has been proved for special classes of meromorphic functions (see [1] [21] [22] and references therein).
It is found experimentally that the Padé approximants of large order (and, in particular, the diagonal approximants [p/p] ) work as well for many non meromorphic functions, describing accurately their behavior even close to non polar singularities.
Padé approximants for u(t) 2 3 , and possible evidence for a blow-up. The previous considerations can be applied (for suitable n) to the function f (t) := u(t) 2 n , where u is the solution of the Euler equation with a given datum u 0 . One can ascribe to a number of works the idea of using the Padé approximants for such a function; as in the Introduction, we mention [8] [12] [15] [20] (and some references therein). As already remarked, these papers have considered initial data u 0 different from the one of Behr-Nečas-Wu (e.g., the Taylor-Green vortex); furthermore, they have generally considered the Sobolev norm of order n = 1.
Here we are focusing on the (maximal A-) solution u for the Behr-Nečas-Wu datum; from now on, [p/q] stands for the Padé approximants of the analytic function t → f (t) := u(t) It turns out that the diagonal approximants [p/p] exist in the cases of even order p = 0, 2, ..., 26, while they do not exist in the odd cases p = 1, 3, ..., 25 (the reason being, essentially, that the power series for f (t) about zero contains only even powers of t). Let us consider, for example, the approximant [12/12] . Its numerator and denominator are polynomials with rational coefficients, too large to be written explicitly; however, we can use the 16-digits approximation for the coefficients and write [12/12] The poles of [12/12] , which are the zeros of D 12 , are simple and occur at the points t = ±0.294020 ± 0.464361 i (|t| = 0.549617) ; (6.5) t = ±0.511609 ± 0.301416 i (|t| = 0.593797) ; t = ±0.606004 i , t = ±0.626199
(here and in the sequel, ± means that we can choose independently the signs for the real and imaginary part, e.g., + for the real and − for the imaginary part). So, the singularities of minimum modulus of the approximant [12/12] are at anyone of the points T • = ±0.294020 ± 0.464361 i, such that |T • | = 0.549617; furthermore, the real singularities closest to the origin are at anyone of the points T * = ±0.626199. We have performed a similar analysis for all the approximants [p/p] , with p = 14, 16, ..., 26; the results are summarized in Table 2 .
Conclusions
The previous results about the Behr-Nečas-Wu datum u 0 support our statements in the Introduction, i.e.: (a) The power series for u 0 has an H 3 convergence radius τ 3 such that 0.32 < τ 3 < 0.33 (see Eq. (5.15)). (b) There is no blow-up at time τ 3 and the (maximal A-) solution u of the Euler Cauchy problem exists, at least, up to a time θ 3 (the convergence radius for the series expansion of u(t) Table 2 give weak indications that u might blow up at a time T , with 0.56 < T < 0.73 (see Eq. (6.7)). We think that the evidence given in this paper is rather strong for (a)(b). As for (c), doubts on the blow-up conjecture arise not only from the rather erratic behavior of the real singularities in the computed Padé approximants; in fact there are more general reasons, recalled at the end of the Introduction, suggesting caution in deriving blow-up results from the Padé approximants.
